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A DYNAMICAL THEORY OF TORSION
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Abstract-An approximate dynamical theory of torsion is developed which includes the effects of the warping
and in-plane shearing deformations that, in general. accompany torsional deformation in cylindrical rods.

INTRODUCfION

EVER since Saint-Venant's famous memoir [1], the static torsion of isotropic elastic rods
of arbitrary cross section has been one of the most widely known and most extensively
analyzed classes of solutions within the fr~mework of the exact, three-dimensional, linear
theory of elasticity. On the other hand the only dynamical torsion problem which has
yielded readily to analysis in the three-dimensional theory is the problem of torsional
waves in a circular cylindrical rod which was formulated and solved by Pochhammer [2]
(see also [3] and [4] for a discussion of this solution). For solving dynamical problems in­
volving rods with other cross sectional shapes recourse has been made to either finding
approximate solutions to the exact, three-dimensional equations (see, e.g. [5-10] and the
review article [11]) or to constructing simplified, one-dimensional theories in which
exact solutions of the approximate equations are obtained (see, e.g. [11-18] and [4, p. 429]).

Of the latter theories, the one most often employed in applications is also due to Saint­
Venant [15]. It consists of the one-dimensional wave equation

where () is the angle of twist, z denotes the coordinate along the axis of the rod, t denotes
time, p is the density of the material, J is the polar moment of inertia of the cross section
and C (defined as the ratio of the applied torque to the resulting twist per unit length) is
the static torsional rigidity calculated from the three-dimensional theory.

If C, p and J are constants the above equation predicts that torsional waves will pro­
pagate nondispersively with velocity VT = (CjpJ)1 /2. For a circular cylinder C = IJ.J
where IJ. is the shear modulus, and thus the Saint-Venant theory predicts the velocity
VT = (lJ./p)1 /2 which is identical to the result calculated from the exact, Pochhammer solu­
tion. Although the Saint-Venant theory gives the correct result for a circular cylinder it is
known experimentally that for other cross sectional shapes torsional waves are dispersive,
especially at high frequencies [17,19,20].

One source of this dispersion is found in the interaction of the torsional motion with
warping (axial) motion which is known to occur (at least in the static theory) for cross
sections which are not circular but which is not accounted for explicitly in the dynamical
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(I)

Saint-Venant theoryt. Attempts have been made to incorporate the warping motion in a
more direct manner into approximate theories by constructing theories which contain
the effects of axial inertia or axial stress or both. A review of this literature can be found in
the paper by Barr [17].

It has recently become clear that the coupling of the torsional with the warping motion
is not the only source of dispersion of torsional waves. Kynch [21J (see also [7-11J) was
apparently the first to notice that at high frequencies a distortion of the cross section in its
own plane can occur. This motion (which we call contour shear motiont) can also couple
with the torsional motion to produce dispersion. As we show in the sequel the frequency at
which the contour-shear motion becomes significant is comparable to the frequency at
which the warping motion becomes significant; thus an approximate theory which in­
cludes one of these motions should also include the other.

In the present paper an approximate dynamical theory of torsion is developed which
includes the effects of both the warping and the contour-shear motions. The approxima­
tion is based on expansions of the displacements in terms of products of specified functions
of the cross sectional coordinates and arbitrary functions of the axial coordinate and time
together with a truncation procedure which retains only the torsional, contour-shear and
warping motions. Analogous procedures have been employed by Mindlin and others
(see, e.g. [22-27J and [16J) to arrive at hierarchies of approximate theories of plates and
approximate theories for the extensional and flexural motions of rods. Prior attempts to
construct approximate theories of torsion by this or similar procedures (see [12-18J.
[4, p. 429J and [11]) are all too restrictive to bring out the nature of the coupling between the
torsional, contour-shear and warping motions.

1. EQUATIONS OF THE LINEAR THEORY OF ELASTICITY

We refer the equations to a rectangular cartesian coordinate system Xj, i = 1,2,3 and
employ cartesian tensor notation, the summation convention fer repeated indices, and the
notations ofa superposed dot indicating differentiation with respect to time, t, and a comma
followed by an index indicating differentiation with respect to the corresponding spatial
coordinate. With Uj, T;j, Sij and Cjjkl denoting, respectively, the components of the dis­
placement, stress, strain and elastic stiffness tensors, with tina denoting the applied traction
on the surface whose unit outward normal is n j , and with p denoting the density. the
equations of the linear theory of elasticity can be written in terms of

the variational equation of motion §:

t [T;j.j-pilJ5u j dV+ {U/n;)-njT;JbUjdA = 0,

where bUj are arbitrary and independent infinitesimal variations in displacement and V
is the volume enclosed by the surface A :

the strain~displacement relations:

(2)

t The warping is taken into account indirectly in evaluating the torsional rigidity C.
:j: Kynch [21] classifies this motion as one of the family of screw modes.
§ For simplicity, we omit body forces.
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and the constitutive relations:

(3)

We note in passing that the variational equation of motion (1) contains not only stress
equations of motion but also natural boundary conditions.

2. EXPANSION IN DOUBLE POWER SERIES

The cross section of the rod occupies a closed portion of the Xl - X2 plane bounded by
the curve C; the axis of the rod is in the X3 direction bounded by faces at X 3 = ± [.

We expand the displacement components UiXl' x 2 , x 3, t) in a series of powers of the
coordinates Xl' x 2 in the cross section multiplying arbitrary functions of X 3 and t, viz.

00 00

uj = L L x~x~u}n,ml(X3' t).
n~O m~O

(4)

Inserting this expression into the variational equation of motion (1) and employing Green's
Theorem to convert some of the surface integrals over the cross sectional area A c into
line integrals around the contour C, we find

fl dX3n~o m~o {[T~D)-nT\nj-l,m)-mT<;t-1)+F~n,m)

- ~ ~ pI iiP,q)] c5u(.n,ml}L. L., n+pm+q J J
p~O q~O

00 00

+ L L: {[l~n,m)(n3 = + 1)- T~rJc5u~n,m)}x3~+1
n~O m~O

00 00

+ L L nw,m)(n3 = -1)- T~rJc5u~n,m)}x3~-I = 0,
n~O m~O

(5)

where

(6)

I - f n + p m +q dAn+pm+q = Xl X2 ,
Ac

T(n.m) = f xnxmT. dA
'J - 1 2 'J '

Ac

F}n,m) == ~ tina)X~X~ ds, t~n,m)(n3 = ± 1) == f tin3 = ± l)x~x~ dA.
c A c (X3 ~ ± l)

In equations (5) and (6), T!j,m) are stress-moments, I n+ pm +qare moments of the area of the
cross section, F}n,m) are boundary forcing terms (arising from moments of the applied
traction tina) acting on the cylindrical surface with unit normal na, a = 1,2), and t~n,ml(n3 =
±1) are, respectively, moments of the applied traction on the faces X 3 = ± l. In the most
general case, T!'J·m), I n+pm +q and F~n,m) may be functions of X3 and t and t~n,m)(n3 = ± 1)
functions of t.

The variations c5u~n,m) in equation (5) are arbitrary and independent, from which follow
the stress-moment equations of motion of order n +m,

00 00

T(n,m) _ nT(n.- l,m) _ mT(n,m - 1) +F(n,m) = " "pI u"(,P,q)
3J,3 lJ 2J J L. L. n+pm+q J '

p~Oq~O

(7)
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and the stress~moment boundary conditions of order n + m,

T~jm) = t~n,m)(n3) on X3 = ± t. (8)

When the expansion (4) is substituted into the strain-displacement relations (2) and the
terms are rearranged, we find that

where

·:x

Sij = I I x1 x'iSl'l,ml
n~O m~O

s(~,m) == .,l.[b. u(n,m) + b. d.n,m) + (n + 1)(b .u\n+ l,m) +" .u(n + l.m))
'j .. j3 1,3 13 j,3 I} • vI. j

+ (m + l)(b2juln,m+ 1) + b 2iU)n,m + I»)],

(9)

(10)

and bij is the Kronecker symbol. Multiplying the constitutive equation (3) by x1x'i and
integrating over the cross section, the one-dimensional constitutive equations

'l" x:

T(n,m) - " "I S(p,q)ij - L. L. n+pm+qCijkl kl ,
p~O q~O

are obtained. In the isotropic case (11) can be replaced by the simpler relation

00 w

Tl'j,m) = I I I n+pm+q[AbijSl~,q) + 2/lS!rq)],
p~Oq~O

where Aand /l are the Lame constants.

(11 )

(12)

3. THE TORSIONAL EQUATIONS

Equations (7), (10) and (11) [or (12) in the isotropic case] comprise an infinite system
of coupled one-dimensional equations for the variables u~n,m), and in the present form they
are no easier to solve than the three-dimensional equations. It is expected however that a
finite set ofequations, obtained from the infinite set by an appropriate truncation procedure,
can be founQ which will faithfully describe the dynamical behavior of a rod in a tech­
nologically important region of wavelengths and frequencies. For the formulation of
approximate theories of plates and of circular rods by this method of expansion and
truncation, exact solutions of the three-dimensional equations of elasticity (the Rayleigh­
Lamb solution for plates and the Pochhammer-Chree solution for a circular rod) are
available to aid in assessing the region ofapplicability ofa particular truncation. For rods of
arbitrary cross section, analogous solutions are not known and hence the truncation
procedure relies more heavily on intuition. The final test of the theory, of course, is how
well its predictions are confirmed by experiment.

In the present paper we limit our considerations to elastically isotropic rods which
have two planes of geometrical symmetry at right angles to one another intersecting along
the axis of the rod. The intersection of these planes with each cross sectional area is two
perpendicular lines which we take as the XI and X2 axes. With these assumptions the
equations of Section 2 can be separated into four sets of equations which are uncoupled
from one another. One set of equations governs the essentially "extensional" motions of
the rod, i.e. u~o.O), the "fundamental" extensional motion, and higher order extensional
motions such as radial shear motions, u~O,li and U\I.OJ, a"ial shear motions, U~O,2) and U~2.0),
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etc. Two sets of equations govern the essentially "flexural" motions of the rod, i.e. the two
"fundamental" flexural motions, u~O,O) and u~O,O), and their higher order flexural motions
such as the axial shear motions, U~I,O) and u~O,l), etc. Equations analogous to those we would
obtain here for the relatively low order extensional and flexural motions have already
received a considerable amount of attention in the literature, hence we shall concentrate
our efforts on the third set of equations, namely those governing what we shall call the
generalized torsional motions.

Recalling that we utilize the sum n+m to define the order of the various equations of
motion (7), we find that there are no zeroth order equations governing generalized torsional
motions. The first order, second order and third order equations which do govern torsional
motions aret :

first order:

T (O,I) _ T(O,O) - p[I u"(O,l) + I U"(0,3) + I U"(2,l) + J
3 1,3 1 2 - 02 1 04 1 22 1 ... ,

second order:
T(1,l)_T(O,1)_T(l,O) - p[I u"(1,I)+I u"(1,3)+I U"(3,1)+ J'

33,3 31 32 - 22 3 24 3 42 3 ... ,

third order:

(13)

(14)

(15)

where in each case we have written out only the first few inertia terms. Fourth and higher
order equations are easily obtained from equation (7).

It is clear from an examination of equations (13), (14) and (15) and their associated
constitutive equations that a theory truncated at what we might call, roughly, second order
(in both the displacements and the equations of motion) would already introduce new
phenomena in comparison to the classical theory of torsional motion which deals only
with the special case U\O,l) = - U~l,D). A theory which introduces no a priori relationship
between the variables u~O,1), U~l,O), u~l,1) (see Fig. 1) will contain the phenomenon of shear

x,

FIG. I. Generalized torsional displacements of orders one and two.

t We omit body forces and the boundary forcing terms Fl.n.m) although they can be carried through the argu-
ment in a straightforward manner. J
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in the cross section (U\O.I) /:- -U~I.O») and also an explicit description of the effects of the
warping motion u~l,l), neither of which are included in the classical theory. Furthermore,
such a theory should not be too unwieldy from the computational point of view. We thus
seek a truncation which uncouples the first and second order equations governing u\O,l),

U~I.O) and u~l,l) from all the higher order equations.
To begin the truncation, we neglect the effects ofall components of generalized torsional

displacement of order four and greater. This eliminates the need to consider stress-moment
equations of order four and greater. To uncouple the first and second order equations from
the third order equations we neglect the contribution of the inertia terms of order three,
i.e. terms involving U\0.3), U\2,l), U~3.0), u~1,2), in the first order stress-moment equations.
Furthermore, we eliminate the coupling to the third order displacements U\2,1) and u~1,2)

(through the constitutive relations for T\ljl), T~lil) and T~131») by setting T\ljl) = Tili ll = 0
and allowing the strains S\ljl) and S~lil) to occur freely. The displacements U\2.11 and U~1.21

can then be eliminated from the constitutive equation for T~13l) (using the conditions
T\ljl) = T~lil) = 0 to solve for U\2,1) and u~1,2) in terms of u~1,1») with the result

T (I.I) - I [.u(3;,+2.u)]S(1,l) - EI (1,1)
33 - 22 . + 33 - 22 U3.3,

I, .u
(20)

where E is Young's Modulus.
The truncation is now logically completed, however we shall take it one step further by

making certain adjustments analogous to those which have been employed so successfully
by Mindlin and others in constructing approximate theories of plates and rods. In order to
compensate in part for the restrictive assumptions that have been made about the functional
dependence of the displacements on the coordinates in the cross section of the rod, it is
desirable to introduce some free parameters (or "correction factors") into the approximate
theory which can then be adjusted to match some feature or features of the solutions
obtained from the approximate theory with those obtained from the three-dimensional
theory or from experiments. Obviously, these parameters can be introduced in a variety
of ways. Since the assumptions about the spatial dependence of the displacements gives
rise, in the present theory, to the occurrence of the various moments of the area, a natural
and convenient way to introduce correction factors is to replace each of the moments of
area 100 , 102 , 12o , 122 which occur in this theory by a corrected moment, viz. I~o (== Kooloo ),
n2 (== K02I02), I~o (== K20120), n2 (== K22 / 22) in all of the equations. This scheme for
introducing parameters has the advantage of leaving the symmetry of the equations
unchanged. Methods for determining K00, K02, K20 and K 22 will be discussed further in
Section 8.

The results of the forementioned truncation and adjustment procedure are the following
equations for the determination of the quantities u\O,1), U~I,O) and u~l, I):

the stress-moment equations of motion:

(21)

T(I.I)- T(O,I)_ T(I,O) - pI* il(l,l).
33,3 31 32 - 22 3 •
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T\Ol) = f.1160(U~l,O) +U\O,l»,

T(O,l) - 111* (U(O,l)+U(l,l)
31 - r 02 1,3 3 ,

T(ll) = f.11!0(U~1})+u~l,l»,

T(l,l) - El* U(1,l)·
33 - 22 3,3 ,

575

(22)

and appropriate boundary conditions at the ends X3 = ± I Of the rod. For example at a
"stress free" end the appropriate conditions are

(23)

Inserting (22) into (21) and assuming that f.1, E, 162, l!o, 1!2 are independent of x 3, the
following

"displacement" equations of motion:

f.1n2(u\~'lj+ U~l,31» - f.11~0(u\°,l) + U~l,O» = pl~2ii\O,l),

f.11!0(u~l,30j+u~l,3l)-f.1nO(u\O,l)+u~l,O» = pl!oii~l,O), (24)

El!2U~l,31j - f.1n2(U\~3l) + U~l,l) - f.11!0(U~1}) +u~l,l) = pl!2ii~l,l),

are obtained. In the sections that follow we shall discuss some of the features of these
equations.

4. STATIC TORSION

In the static case a solution of equations (24) is

U(l,O) - _U(O,l) - x Bo
2 - 1 -31' (25)

(26)

where Boll is a constant twist per unit length which remains to be determined. Inserting
(25) into (22) we see that T\Ol) = T~1:i1) = 0 and

T (l,O) _ (0,1) _ 2f.1n21!0 (Jo
32 --T31 -n2+ 1!0['

The resultant torque T acting at any cross section is given by the expression

T = T(1.0)_ T(O,l) _ 4f.11621!0 (Jo
32 31 - 1~2+1!0 I'

from which the torsional rigidity C defined by

C ==~ = 4f.11~21!0
((Jo//) 1~2 + l!o

(27)

(28)

is obtained. We note that the torsional rigidity (28) (with K02 = K20 = 1) is exact for an
elliptical cross section [28], and, of course, for its limiting case the circle. It is also exact for
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an infinitely long, thin plate [29]. For other cross sectional shapes the formula (28) can be
forced to give the exact value of the torsional rigidity by a suitable choice of the correction
factors K 02 , K 20 • This procedure is discussed further in Section 8.

It is also worth noting that the solution (25) corresponds to the classical notion of
torsion with unrestrained warping since T~13 I) = °throughout the rod. If the warping
displacement u~I,I) is restrained in any way that is incompatible with the assumptions
(25), say by requiring it to vanish at X 3 = ± I, then additional solutions of equations (24)
are required in order to satisfy the end conditions. The same comments apply if the tractions
at the end faces are distributed in some special way that is incompatible with (26) and/or the
results TiOiO) = 0, T~!31) = 0. Analogous situations have been treated to some extent in
the three-dimensional theory where they are referred to as "end problems" (see, e.g.
[30, 31J). In the three-dimensional theory it is found that solutions which decay exponen­
tially from the ends are required in order to solve the end problems for a finite rod. In
Section 9 we show that such solutions are contained in equations (24) (at least for the
special case of a circular rod), and we believe that the present approximate theory may be
very useful in treating these problems.

5. ALTERNATIVE FORM OF THE EQUATIONS

We introduce the definitions

2 I~2r = ---- ..--_.
w-I'62+I~o'

2 l62 +I~o
r ==---

1'60

(29)

noting, in passing, that the six quantities J +, J _, 6, r, rs and rware not all independent.
Employing these definitions, equations (24) in the variables u\O.ll, U~l ,0), u~I,I I, may be
transformed to equations in the variables

!J;1 == !(u~!·O)+U\O,l»).

If2 == (l~(2)[6(~~1.0); U\O.I») + (1l~1_'0_)_~ U\O:.I~)J , (30)

by taking appropriate linear combinations of the first two of equations (24) and rewriting
the third, The result is

r;!J;1,33-!J;! +rs!J;3.3 = (p/fl)r;I{J!,

(l-62)r;!J;2,33+brs!J;3.3 = (l-b2)(p/fl)r;1{J2' (31)

-(l-(j2)rs!J;1,3 -(j(I-i52)rs!J;2,3 +(E/fl)r~!J;3,33 -!J;3 = (p/fl)r~.1{J3'

where we note that !J;2 is absent from the first equation and !J;! from the second equation.
In terms of !J;;, i = 1,2,3, we have

UiO,I) = (1 + (j)!J; I -(1-i52)!J;2'

U~I,O) = (l-6)!J;1 +(1-(j2)!J;2' (32)

U~l ,I) = (1/r s)!J; 3 ,
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T(O,O) _ 2{lJ + ,I,
12 - -2-'1'1>

r

T~Oi1) = ~~+ (1- J)[(1 + J)'rsl/J 1,3 - (1- J2)rsl/J2,3 + l/J 3]'
s

T (l,l) _ Er;"J + [,/, ]
33 - -2- rs'l'3,3 .

rs

577

(33)

The formulation of the torsional equations in terms of the variables l/Ji is equivalent to
the formulation in terms of the variables u\O,1), U~l,O) and U~l,l); furthermore in some prob­
lems it is a more convenient formulation to work with because of the partial uncoupling
which has been effected in equations (31).

6. VIBRATIONS OF AN INFINITE ROD AT ITS CUT-OFF FREQUENCIES

Consider solutions of equations (31) of the form

i = 1,2,3, (34)

(35)

where the Ai are constants and j = (-1)!, These solutions correspond to limiting forms
of waves in the rod as the wavelength becomes infinite. Equations (31) reduce to

A 1[(p/{l)r;w2-1] = 0,

A2[(p/{l)(1-J2)r;w2] = 0,

A3[(p/{l)r;w2-1] = 0,

which for w # °admit the following two solutions:

(a) Warping cut-off mode

(36)

(b) Contour-shear cut-off mode

A 1 # 0,

2 {l 1w =--
s P r;

A 2 = A 3 = 0,

Il ItoUt2 + l~o)

P Ib21~o

(37)

The warping cut-off mode is a vibration in which u\o.1) and U~l,O) are both zero, i.e,
there is no displacement in the plane of the cross section, and in which the warping
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(38)

displacement U~1,11 (see Fig, 1) varies periodically with time but has no dependence on the
spatial coordinate along the rod. The contour-shear cut-off mode is a vibration in which
U\I,1 1is zero, i.e, there is no warping and in which U\O,ll and U~l,O) combine to produce a shear
deformation (in the plane of the cross section) which varies periodically with time but has
no dependence on the spatial coordinate along the rod.

The problem of determining cut-off modes and their associated frequencies can also be
formulated and solved within the framework of the three-dimensional theory of elasticity,
and as we show in Section 8 these solutions can be employed to establish the values of
some of the correction factors.

7. PLANE WAVES IN AN INFINITE ROD

Consider solutions of equations (31) of the form

!/J I "" A 1 sin(~x3 -wt),

!/J2 = .42sin(~x3-(I)t),

lh = .4 3 cos(~X3 - wt),

where AI' .4 2 and .4 3 are constants, Inserting (38) into (31) we obtain the secular equation

all 0 a13

0 a22 a23 = 0,

i au aB (l33

(39\

where

,,2 1 t2all =.~ - -0,

and

a22 = (1- <52)(Q2 _ ¢2),

a33 = (1-<52) 1[Q2(rw/r,)2-1-2(l +v)(r,jrY¢2],

a 13 = -¢,

UB = -;5¢,

(40\

Elp = 2(1 + 1') (41)

in which v is Poisson's ratio. Equation (39) is an algebraic equation which is cubic in both
Q2 and ¢2, Only real, positive values of n have physical significance however cP can be
real, imaginary or complex, and for a given Q if cP is a root so also is .- cP. For a given
value of n there will be three values of ¢2 which satisfy (39), say cPT, i = 1,2,3. For each
of these values we obtain the amplitude ratios

A~ cPi
A = Q2-1-~f'

(42)

The details of the dispersion relation and the amplitude ratios depend of course upon
the material properties of the rod and upon the geometry of the cross section however
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several general features are worth noting. At infinite wavelength (cP = 0) the cut-off modes
of Section 6 are recovered. For low frequencies and long wavelengths, i.e. n « 1, cP « 1,
we find

(43)

from which, employing (29), (37) and (41) we obtain the asymptotic group (and phase)
velocity

[
dW] [/1 41~21~0 J+vg = - = ~ * * 2 .
d¢ ~=o P(I02+ 120)

This result is discussed further in the following section.

(44)

8. THE COEFFICIENTS Koo , K02 ' K20, K22

In Section 3, four parameters Ko o, K02' K20, K22 were introduced into the equations of
the generalized torsion theory by replacing the moments of the area 100 , 102 , 120 , 122 by
corrected moments no (= Kooloo), n2 (= K0 2102 ), I~o (= K20120 ), 1~2 (= K22122)' The
values of these four parameters can be obtained by matching solutions of the equations of
the approximate theory with solutions of the equations of the exact, three-dimensional
theory in four suitably chosen problems. In the present paper we follow the program of
matching solutions for (a) the static torsional rigidity, (b) the asymptotic group (and phase)
velocity at zero frequency and infinite wavelength, (c) the warping cut-off frequency and
(d) the contour-shear cut-off frequency.

From equations (28), (44), (36) and (37) the approximate theory yields for these quantities

(45)

(46)

(47)

(48)

c = 4/1n21~0
n2 +I~o'

,2 _ 4/1 n21~0
t:

g
- P(I~2 + 1~0)2'

2 /1 n2 + I~o
OJw = ~ 1* '

P 22

2 /1 I~O(I~2 + I~o)
OJs = ~ * * .P 102120

Once values of C, vg , OJw and OJs have been determined from the three-dimensional theory
for a particular material and cross section, substituting these values into the left hand
sides of equations (45H48) provides four equations for the four parameters Koo , K02 , K20 ,

K22'
The formulation of the problem of static torsion within the framework of the three­

dimensional theory of elasticity and its solution for a large number of cross sectional
geometries is due to Saint-Venant [32, 29, 28, 1]. Values of C for a variety of cross sectional
shapes are available in the literature and numerical and experimental techniques have
been developed for handling situations in which C is difficult to obtain analytically. Exposi­
tions of Saint-Venant's treatment of the torsion problem and references to the known
solutions can be found in many textbooks on elasticity (see, e.g. [30, 31 and 33J).
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lA9)

Before moving on to a discussion of vg , illw and ills it is interesting to note Saint-Venant 's
researches on the use of a formula of the same form as equation (45) as an approximation
to the torsional rigidity.

The first real progress towards a theory of torsion for rods with noncircular cross
sections was in a paper by Cauchy [13J in which (following Poisson) an expansion procedure
somewhat similar to the one employed in the present paper was used to investigate the
torsional vibrations of rods with rectangular cross sections. In Cauchy's paper a quantity
analogous to u~l,1) (i.e. a warping displacement) was introduced, however Cauchy also
introduced the assumption that (in the present notation) ui1

•
O

) = - U\O.l) and thus limited
himself (as we shall show in Section 10) to a very low frequency, very long wavelength
approximation to the present theory. Cauchy's theory was rederived by Saint-Venant [14J
and extended to apply to cross sections of other geometries. For the torsional rigidity
Saint-Venant gave the formula (again using the present notation)

, 102 120( = 411"-'­
102 + 120

where 102 and 120 were the principal moments of inertia of the cros~ section.
The transition from constructing approximate theories of torsion to obtaining the

corresponding exact solutions of the three-dimensional theory of elasticity came in a series
of papers by Saint-Venant [32, 29, 28J which preceded his famous memoir on torsion.
In these papers Saint-Venant correctly formulated and solved the static torsion problem for
the rectangular [29J and elliptical [28J cross sections. For the rectangular section the result
for the torsional rigidity was quite complicated, however for the ellipse, Saint-Venant
showed that the torsional rigidity given by (49) was exact.t With these exact solutions.
Saint-Venant proceeded to discuss the results of his and Cauchy's approximate theory.
He concluded that Cauchy's formula for the torsional rigidity of a rectangle [which can
be obtained by inserting the value 102 = 4ab 3/3, 120 = 4a 3bI3, appropriate to a re-ctangle
of sides 2a, 2b, into formula (49)J was incorrect except in the limiting case alb ...... X), however
he noted that a formula of the form of (49) with a multiplicative correction factor could bc
made exact. He pursues this point in his memoir [I Jand actually gives values for this correc­
tion factor for various width-to-thickness ratios of a rectangular rod.

In this and later work (see, e.g. [34J), on the subject of torsion, Saint-Venant again
considers the possibility of using the exact solution for an elliptical cross section as an
approximation for sections of arbitrary cross section, but he seems to prefer the form

, II (loO)4( =-~ " .._....0' ..- (50)
. 4n 2

(lo2+ 120)

to which (49) can be transformed in the case of an ellipse. In this form only the area (loo)
and the polar moment of inertia (l02 + 12o) of the cross section are involved. In his paper
of 1879 [34J, Saint-Venant shows that (50) is a good approximation for the torsional rigidity
for all but a small number of the cross sectional shapes which he has treated exactly, and
he uses (49) only for the ellipse. In view of the assumption we have made concerning the

t For an ellipse with semimajor and semiminor axes a and b

100 = nab, 102 = nab 3 /4, 120 = na'b/4, 122 = na 3 b3 /24,

and equation (49) can be written as C = ima 3 b3 /(a 3 +b2
), which is the form most often reproduced in modern

textbooks.



A dynamical theory of torsion 581

symmetry properties of the cross section it may be that Saint-Venant was expecting too
much from the formula (49) when he applied it to triangles, sectors of circles and other
sections lacking two perpendicular planes of symmetry.

Moving on to exact solutions of dynamical torsion problems, to the authors' knowledge
the only cross sectional shape for which the asymptotic (at low frequency and infinite
wavelength) group velocity vg has been calculated from the three-dimensional theory is the
circular cylinder to which we have already referred. However (following Saint Venant [15]),
we conjecture that the formula vi = CjpJ where C is the static torsional rigidity and J
the polar moment of inertia of the cross section is the appropriate expression for the asymp­
totic group velocity of the three-dimensional theory.

For an isotropic elastic rod the problem of determining the warping cut-off frequency,
W W ' reduces to finding the appropriate solution of the boundary-value problem

aU3 = 0
an

in R,
(51 )

onB,

where U3 is the displacement in the axial (x 3 ) direction, V2 is the two-dimensional Laplacian
operator, V2 == a2/axi +a2/ax~, n is the unit outward normal to the bounding curve, B,
of the region, R, occupied by the cross section, and the displacements U 1 and U2 are iden­
tically zero. A discussion of this mathematical problem (which arose in a similar connection)
and some of its known solutions has been given by Mindlin and Deresiewicz [35J (see also
[36J). In their paper they note that an identical mathematical problem arises in considering
the small oscillations ofa fluid in a basin and the small vibrations ofa gas in a rigid cylindri­
cal container. The only difference between the problem investigated by Mindlin and
Deresiewicz and the present problem is the symmetry of the desired solution. In the present
case we are interested in the solution that is antisymmetric with respect to the two lines of
symmetry in the cross section.

The determination of the lowest contour-shear cut-off frequency, w" within the frame­
work of the three-dimensional theory involves the solution of a particular plane strain
vibration problem which does not seem to have been treated in the literature. The math­
ematically identical problem ofthe contour modes ofa thin plate described by the equations
of generalized plane stress has, however, been investigated for a few geometries (see, e.g.
[4 pp. 497-498, 37-39J and the references therein) and it is only necessary to reinterpret the
elastic constants appearing in solutions of the latter problem to obtain solutions of the
former problem.

Example: circular cylinder

As a simple though important example of the determination of correction factors we
consider the case of a circular cylindrical rod. From the exact Pochhammer solution [2J
we find C = fl.J = ww4/2 and vi = fl./P where ais the radius of the cylinder. Furthermore,
the boundary-value problem for determining the warping cut-off frequency, ww ' reduces to
finding the lowest root (w = ww) of the equation

(52)
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where 1 2 is the Bessel function of order two and the prime denotes differentiation with
respect to its argument. We find

(53)

The boundary-value problem for finding the contour-shear cut-off frequency reduces
to finding the lowest root (w = w s) of the equation

[ift2(Ka)-2-//3J[ift2(K'a)-2-//3J-4[1-//3J2 = 0, (54)

where

(55)
K = w/v 1 ,

vf = (A+2)1)jp, d = pip,

and ift2(X) '= xl I (x)/1 2(x) is Onoe's function [40J of the first kind and order two. Solutions
of equation (54) depend on the value of Poisson's ratio v. For v = 0·3 we find

(f)s = 2'3479(t:) 1. (56)
(/ P

Noting that for a circle 102 = 120 = na4 /4, 100 = na2 and 122 = na 6 /24, we find from
equations (45H48) that (for v = 0,3)

K22 = 1·2864, KOO = 0·68908. (57)

With these values of the correction factors we return to the problem of the propagation of
plane waves formulated in Section 6 for a general cross section and we now specialize to
the case of a circular cylinder.

9. PLANE WAVES IN AN INFINITE CIRCULAR CYLINDER

(58)

Some of the main features of the dispersion relation (39) of Section 7 can be brought
out by considering the simple case of a circular cylindrical rod. Specializing the equations
of Sections 5, 6 and 7 to the case of a circular cylinder we find that equations (29) become

1 + = na 4 /2, 1_ = 0, £5 = 0,

Also, equations (30) reduce to

~JI = !<U~I,O)+U\o.I)),

equations (40) reduce to

(59)

all = Q2 -1 - 4>2,

a
22

= Q2_4>2,

a3 3 = Q2(rwlr.)2 - 1- 2(1 + v)(rw/rY4>2,

(/13 = -4>,

a23 = 0,

(60)
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and the dispersion relation (39) can be written in the simple form

a22(alla33 -aI3) = 0,

which gives the two independent dispersion relations
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(61)

(62)

The first of these gives the branch

(63)

which is identical to the nondispersive torsional branch of the exact theory. The remaining
dispersion relation can be written as

(64)

which is quadratic in n2 and (V At 4> = 0, equation (64) factors into the product of two
terms, viz.

(65)

(66)

the solutions of which are the contour-shear and warping cut-off frequencies respectively.
For 4> ¥- °equation (64) yields for each real, positive value of n two values of 4>2 which
may be real or complex. These two values of 4>2 define what we shall call the contour-shear
and warping branches of the dispersion relation. The positive torsional, contour-shear
and warping branches are sketched in Fig. 2. Of special interest is the fact that the contour~

shear branch has a minimum in the n, Re 4> plane from which emanate two complex con­
jugate branches. These complex branches are the continuation of the contour-shear and
warping branches down to zero frequency. The intersections of these branches with the
n = °plane are obtained from (64) by setting n = 0, with the result

1 1 [ 3 J!4>2 = --+- 1- .
2 - 2 KooK22(l + v)

'0

Imef> <'0 '1-" Reef>

FIG. 2. The three branches of the frequency spectrum according to the generalized torsional theory
for an infinite circular rod with Poisson's ratio v = 0·3.
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For 0 S v s i the quantity 3/[KooK22(l +v)] > 1 which means that the wavenumbers
given by (66) are always complex. These complex wavenumbers have significance in the
solution of problems involving finite cylinders where they correspond to displacements
confined near the ends of the cylinder.

The dispersion relation (64) (see also Fig. 2) is qualitatively (and at the cut-off frequencies.
quantitatively) the same as the two lowest so-called "flexural branches of circumferential
order two" (see, e.g. [41]) of the exact three-dimensional theory. We shall give a detailed
comparison of the present approximate dispersion relation and the exact dispersion relation
in a forthcoming paper.

The major simplification in the dispersion relation which leads to the uncoupling of the
torsional branch from the contour-shear and warping branches is the identity of 162 to
lio (hence J = 0, b = 0) for the circular cylinder. In this case the torsional branch is
nondispersive in agreement with the exact theory. Clearly, the same simplification (and
the nondispersive torsional branch) will occur whenever /02 = 12o (as for example in a
square cross-section), unless K 02 =I' K 20t. For other cross sections such as ellipses and
rectangles preliminary calculations show that even without correction factors the lowest
torsional branch couples with the contour-shear and warping branches and becomes
dispersive.

10. REDUCTION TO THE CAUCHY-SAINT-VENANT THEORY

At frequencies low in comparison to the contour-shear and warping cut-off frequencies
and at wavelengths long in comparison to a characteristic dimension of the cross section
the warping stress-moment gradient T~I/d and the warping inertia pli2ii~1,1) can be
neglected in the third of equations (21) with the result

(67)

Inserting the second and third of equations (22) into (67) and solving for u~l.1) we find

and using this result in equations (22) there results

T(I.O) - _ T(O,1) = '1 162 I io (u(I,O)_u(O,1)) .
32 - 31 '/* + 1* 2 1.3

02 20

Adding the first and second of equations (21) and employing (67) we obtain

-2T\Od = P[I62U\O,1) + lioiiil,OIJ,

(68)

(69)

(70)

which, neglecting the inertia terms at low frequencies, requires T\od = O. The first of
equations (22) reduces to

(71 )

t If n2 = 1~0 equation (25) predicts that no warping will occur in the problem of static torsion. For a square
cross section 102 = 120 • and it is known from the exact solution that warping does occur. Therefore for the present
theory to give the correct qualitative behavior for a square cross section it is necessary that K0 2 oF K 20'



A dynamical theory of torsion 585

a result which has traditionally been taken as a starting point for approximate theories.
Subtracting the first of equations (21) from the second and employing (69) and (71) we
find

where

is the angle of twist and

(c*e) = pJ*{j,3 ,3 , (72)

(73)

(74)

Equations (72H74) with the correction factors chosen according to the procedure outlined
in Section 8are equivalent to the classical Saint-Venant theory discussed in the introduction.
Without correction factors (i.e. K 02 = K 20 = 1) equations (72H74) are equivalent to an
earlier approximate theory due to Cauchy [13] and Saint-Venant [15].
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